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CHAINS IN 3D FILIPPOV SYSTEMS: A CHAOTIC
PHENOMENON
OTA´VIO M. L. GOMIDE AND MARCO A. TEIXEIRA
Abstract. This work is devoted to the study of global connections between
typical generic singularities, named T -singularities, in piecewise smooth dy-
namical systems. Such a singularity presents the so-called nonsmooth diabolo,
which consists on a pair of invariant cones emanating from it.
We analyze global features arising from the communication between the
branches of a nonsmooth diabolo of a T -singularity and we prove that, under
generic conditions, such communication leads to a chaotic behavior of the sys-
tem. More specifically, we relate crossing orbits of a Filippov system presenting
certain crossing self-connections to a T -singularity, with a Smale horseshoe of
a first return map associated to the system. The techniques used in this work
rely on the detection of transverse intersections between invariant manifolds
of a hyperbolic fixed point of saddle type of such a first return map and the
analysis of the Smale horseshoe associated to it.
From the specific case discussed in our approach, we present a robust chaotic
phenomenon for which its counterpart in the smooth case seems to happen only
for highly degenerate systems.
1. Introduction
The theory of piecewise smooth dynamical systems has been extensively studied
in recent years due its applications in modeling physical phenomenon involving
some disruption in the motion (see [2, 22] for instance). In light of this, the
comprehension of phenomena arising in that scenario seems to be increasingly
necessary.
Among all the approaches considered (see [11, 32]), the notion of solutions of
a piecewise smooth differential system
(1) Z(p) =
{
X(p), f(p) > 0,
Y (p), f(p) < 0,
with a regular switching manifold Σ = f−1(0) given by the Filippov’s convention
(see [11] for more details) is the most considered one. In this context, special
attention must be paid to some singularities lying on Σ, known as Σ-singularities.
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In planar Filippov system, the Σ-singularities have been extensively studied
in [3, 15, 17, 21, 25, 26, 27, 28, 29] and references therein. In particular, the
characterization of Σ-singularities of codimensions 0 and 1 was done in [15, 21].
Some of these Σ-singularities present non-standard local invariant manifolds,
and therefore admit global connections. In [24], the bifurcation diagram of a
planar Filippov system around a self-connection at a typical singularity is studied.
In [1], a methodology to study unfoldings of planar Filippov systems around global
connections involving Σ-singularities is provided as well as the application of such
ideas to describe bifurcation diagrams of closed global connections between Σ-
singularities.
In dimension 3, the behavior of Filippov systems around Σ-singularities be-
comes strongly more complicated. In fact, the characterization of local struc-
tural stability of 3D Filippov systems at Σ-singularities was an open problem
during more than 30 years. In [5, 6, 7], they provided lots of studies on these
Σ-singularities and a specific one, named T-singularity, caught their attention.
The lack of comprehension of the local behavior around a T-singularity was the
principal obstruction to characterize local structural stability in dimension 3. In
light of this, in [10], the analysis of some specific models having such kind of
Σ-singularity is provided. Recently, in [31] , the dynamics around a T-singularity
is fully described and the locally structurally stable systems in dimension 3 is
completely characterized.
In particular, it is proved in [31] that a Filippov system Z which is robust
at a T-singularity p ∈ Σ presents a pair of (local) nonsmooth invariant cones
emanating from p which are foliated by crossing orbits of Z, they are known as
the nonsmooth diabolo associated to p. One branch of this diabolo is attractive
and the other one is repelling. In [19, 20], an analysis of some models of FIlippov
systems presenting invariant cones is done. In analogy to the planar case, these
local invariant manifolds can be globally extended for Filippov systems and might
originate global connections at p which should present a non-trivial dynamics.
In [14], it is considered a notion of (semi-local) structural stability in 3D Fil-
ippov systems which cares about what happens in a neighborhood of the whole
switching manifold Σ, and it is proved that such kind of T-singularity appears
naturally in semi-local structurally stable Filippov systems. The characterization
of structural stability of 3D Filippov systems in the most global comprehensive
way is one of the most relevant topics in the development of the theory of piecewise
smooth dynamical systems, and to achieve this goal it is crucial to understand
the behavior of the invariant manifolds emanating from a T-singularity. Another
types of global connections in 3D Filippov systems involving Σ-singularities have
already been studied (see [8, 12, 13, 18] for instance), nevertheless, as well as the
authors know, global connections involving T-singularities have not been consid-
ered in dimension 3 yet.
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The main goal of this work is to describe the global behavior of a 3D Filippov
system Z having a robust T-singularity p for which there exists a communication
between their invariant cones (i.e. the stable and unstable invariant manifolds
of p intersect). In the present paper we prove that, in a generic scenario, the
communication between these cones leads to a chaotic behavior of Z. More
specifically, we show that there exists a (global) first return map in Σ associated
to Z which presents a Smale horseshoe Λ ⊂ Σ. Moreover, every orbit of Z
passing through Λ is a crossing orbit and therefore, Z presents an infinity of
closed crossing orbits, an infinity of non-closed orbits and a recurrent crossing
orbit. We highlight that the generic conditions considered in this work gives rise
to a robust behavior, i. e. the dynamics of small perturbations of Z presents the
same characteristics as the dynamics of Z.
Our methods rely on the extension of the local first return map in Σ associated
to the T-singularity p to a global first return map in Σ of Z and the detection of
transverse intersections between invariant manifolds of a hyperbolic fixed point
of saddle type of such a global first return map.
This paper is organized as follows. In Section 2 we introduce some basic con-
cepts about Filippov systems. Section 3.3 is devoted to set the problem and state
the main result of this work. In order to do this, the concept of global connections
between some Σ-singularities is formalized in Section 3.1, some generic conditions
which allow such connections to be robust are given in Section 3.2 and the main
result is stated in Section 3.3 as well as some of their consequences. Section 4
is devoted to the proof of the main result, and a model presenting two robust
connection between two T-singularities is given in Section 5. Finally, in Section
6, some further directions of this problem are pointed out.
2. Basic Concepts
Let M be an open bounded connected set of R3 and let f : M → R be
a smooth function having 0 as a regular value. Therefore, Σ = f−1(0) is an
embedded codimension one submanifold of M which splits it in the sets M± =
{p ∈M ;±f(p) > 0}.
A germ of vector field of class Cr at a compact set Λ ⊂M is an equivalence
class X˜ of Cr vector fields defined in a neighborhood of Λ. More specifically, two
Cr vector fields X1 and X2 are in the same equivalence class if:
• X1 and X2 are defined in neighborhoods U1 and U2 of Λ in M , respectively;
• There exists a neighborhood U3 of Λ in M such that U3 ⊂ U1 ∩ U2;
• X1|U3 = X2|U3 .
In this case, if X is an element of the equivalence class X˜, then X is said to be
a representative of X˜. The set of germs of vector fields of class Cr at Λ will be
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denoted by χr(Λ), or simply χr. For the sake of simplicity, a germ of vector field
X˜ will be referred simply by its representative X.
Analogously, a germ of piecewise smooth vector field of class Cr at a
compact set Λ ⊂M is an equivalence class Z˜ = (X˜, Y˜ ) of pairwise Cr vector fields
defined as follows: Z1 = (X1, Y1) and Z2 = (X2, Y2) are in the same equivalence
class if, and only if,
• Xi and Yi are defined in neighborhoods Ui and Vi of Λ in M , respectively,
i = 1, 2.
• There exist neighborhoods U3 and V3 of Λ in M such that U3 ⊂ U1 ∩ U2
and V3 ⊂ V1 ∩ V2.
• X1|U3∩M+ = X2|U3∩M+ and Y1|V3∩M− = Y2|V3∩M− .
In this case, if Z = (X, Y ) is an element of the equivalence class Z˜, then Z is said
to be a representative of Z˜. The set of germs of piecewise smooth vector fields of
class Cr at Λ will be denoted by Ωr(Λ), or simply Ωr.
We emphasize that the germ language is used due to its effectiveness to describe
local and semi-local phenomena.
If Z = (X, Y ) ∈ Ωr then a piecewise smooth vector field is defined in some
neighborhood V of Λ in M as
(2) Z(p) = F1(p) + sgn(f(p))F2(p),
where F1(p) =
X(p)+Y (p)
2
and F2(p) =
X(p)−Y (p)
2
.
The Lie derivative Xf(p) of f in the direction of the vector field X ∈ χr
at p ∈ Σ is defined as Xf(p) = 〈X(p),∇f(p)〉. Accordingly, the tangency set
between X and Σ is given by SX = {p ∈ Σ; Xf(p) = 0}.
Remark 1. Notice that the Lie derivative is well-defined for a germ X˜ ∈ χr since
all the elements in this class coincide in Σ.
For X1, · · · , Xk ∈ χr, the higher order Lie derivatives of f are defined recur-
rently as
Xk · · ·X1f(p) = Xk(Xk−1 · · ·X1f)(p),
i.e. Xk · · ·X1f(p) is the Lie derivative of the smooth function Xk−1 · · ·X1f in the
direction of the vector field Xk at p. In particular, X
kf(p) denotes Xk · · ·X1f(p),
where Xi = X, for i = 1, · · · , k.
For a piecewise smooth vector field Z = (X, Y ) the switching manifold Σ is
generically the closure of the union of the following three distinct open regions:
• Crossing Region: Σc(Z) = {p ∈ Σ; Xf(p)Y f(p) > 0}.
• Stable Sliding Region: Σss(Z) = {p ∈ Σ; Xf(p) < 0, Y f(p) > 0}.
• Unstable Sliding Region: Σus(Z) = {p ∈ Σ; Xf(p) > 0, Y f(p) < 0}.
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Remark 2. If there is no misunderstanding, the dependence of these regions on
Z will be omitted. In addition, Σ can be denoted by Σ(Z), in order to distinguish
the regions of Σ corresponding to Z, when necessary.
The tangency set of Z will be referred as SZ = SX ∪ SY . Notice that Σ is
the disjoint union Σc ∪ Σss ∪ Σus ∪ SZ . Herein, Σs = Σss ∪ Σus is called sliding
region of Z. See Figure 1.
(a) (b) (c)
Σ
X
Y
Figure 1. Regions in Σ: Σc in (a), Σss in (b) and Σus in (c).
The concept of solution of Z follows the Filippov’s convention (see, for instance,
[11, 15, 30]). The local solution of Z = (X, Y ) ∈ Ωr at p ∈ Σs is given by the
sliding vector field
(3) FZ(p) =
1
Y f(p)−Xf(p) (Y f(p)X(p)−Xf(p)Y (p)) .
Notice that FZ is a Cr vector field tangent to Σs. The critical points of FZ in Σs
are called pseudo-equilibria of Z.
Definition 1. We defined the normalized sliding vector field FNZ of Z by
(4) FNZ (p) = Y f(p)X(p)−Xf(p)Y (p),
for every p ∈ Σs.
Notice that FNZ is also a Cr vector field tangent to Σs.
Remark 3. The normalized sliding vector field can be Cr extended beyond the
boundary of Σs. In addition, if R is a connected component of Σss, then FNZ is a
re-parameterization of FZ in R, and so the phase portraits of both coincide. If R
is a connected component of Σus, then FNZ is a (negative) re-parameterization of
FZ in R, then they have the same phase portrait, but the orbits are oriented in
opposite direction.
If p ∈ Σc, then the orbit of Z = (X, Y ) ∈ Ωr at p is defined as the concatenation
of the orbits of X and Y at p. Nevertheless, if p ∈ Σ \ Σc, then it may occur a
lack of uniqueness of solutions. In this case, the flow of Z is multivalued and any
possible trajectory passing through p originated by the orbits of X, Y and FZ is
considered as a solution of Z. More details can be found in [11, 15].
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In the following definition, we introduce the so-called Σ-singularities of a Fil-
ippov system.
Definition 2. Let Z = (X, Y ) ∈ Ωr, a point p ∈ Σ is said to be:
i) a tangential singularity of Z provided that Xf(p)Y f(p) = 0 and X(p), Y (p) 6=
0;
ii) a Σ-singularity of Z provided that p is either a tangential singularity, an
equilibrium of X or Y , or a pseudo-equilibrium of Z.
Remark 4. A point p ∈ Σ which is not a Σ-singularity of Z is also referred as
a regular-regular point of Z.
We say that γ is a regular orbit of Z = (X, Y ) if it is a piecewise smooth
curve such that γ ∩M+ and γ ∩M− are unions of regular orbits of X and Y ,
respectively, and γ ∩ Σ ⊂ Σc.
Definition 3. Let Z = (X, Y ) ∈ Ωr. A tangential singularity p ∈ Σ is said to be
a fold-fold singularity if Xf(p) = 0, X2f(p) 6= 0, Y f(p) = 0, Y 2f(p) 6= 0 and
SX t SY at p. In addition, a fold-fold singularity p of Z = (X, Y ) ∈ Ωr is said
to be:
• a visible fold-fold if X2f(p) > 0 and Y 2f(p) < 0;
• an invisible-visible fold-fold if X2f(p) < 0 and Y 2f(p) < 0;
• a visible-invisible fold-fold if X2f(p) > 0 and Y 2f(p) > 0;
• an invisible fold-fold if X2f(p) < 0 and Y 2f(p) > 0, in this case, p is
also called a T-singularity.
Remark 5. Notice that the visible-invisible case can be obtained from the invisible-
visible one by performing an orientation reversing change of coordinates. Also,
we refer to a visible, invisible-visible/visible-invisible, invisible fold-fold point as
a hyperbolic, parabolic, elliptic fold-fold point, respectively. See Figure 2.
(a) (b) (c) (d)
Σ
X
Y
Figure 2. Fold-Fold Singularity: (a) Hyperbolic, (b,c) Parabolic
and (d) Elliptic.
3. Setting the Problem and Main Result
This section is devoted to introduce the concept of T-chains of Filippov systems
and to present the main result achieved in this work.
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3.1. T-chains. From [31], we have that a Filippov system is locally structurally
stable at certain specific types of fold-fold singularities and it presents local in-
variant manifolds at such points. As we have mentioned before, the knowledge
of the dynamics of Filippov systems around global connections involving these
points plays a crucial role in the attempt to characterize the structurally stable
Filippov systems. In light of this, we formalize such connections in the following
definition.
Definition 4. Let Z0 = (X0, Y0) ∈ Ωr having fold-fold singularities p0, q0 ∈ Σ
(p0 = q0 is also considered) and let −∞ ≤ a < b ≤ ∞. An oriented piecewise
smooth curve Γ : (a, b)→M is said to be a fold-fold connection of Z0 between
p0 and q0 if it satisfies the following conditions.
i) Im(Γ) ∩M+ (resp. Im(Γ) ∩M−) is a union of orbits of X0 (resp. Y0).
ii) Im(Γ) ∩ Σ ⊂ Σc.
iii) lim
t→a
Γ(t) = p0 and lim
t→b
Γ(t) = q0.
Motivated by the definition of polycycles in Filippov systems (see [1]), we
introduce the following concept.
Definition 5. Consider Z0 ∈ Ωr having a finite number of fold-fold singularities
pi ∈ Σ, i = 1, · · · , k. We say that γ ⊂ M is a fold-fold chain of order k of
Z0 if
γ = {p1, · · · , pk} ∪ki=1 Im(Γi),
where Γi is a fold-fold connection between pi and pi+1, i = 1, · · · , k, where pk+1 =
p1, and either one of the following conditions is satisfied.
i) Γi is an oriented piecewise smooth curve from pi to pi+1, i = 1, · · · , k.
ii) Γi is an oriented piecewise smooth curve from pi+1 to pi, i = 1, · · · , k.
Notice that, the above definition of a fold-fold chain generalizes the concept of
a Σ-polycycle having only fold-fold singularities in the planar Filippov systems
introduced in [1] to 3D Filippov systems. Figure 3 illustrates some fold-fold
chains.
As far as the authors know, there is a lack of results in the literature concerning
this kind of object, maybe due to the difficult inherent to the problem. In fact,
3D Filippov systems exhibit a rich local dynamics at fold-fold singularities which
is still hard to comprehend, and thus, the understanding of global phenomena
involving such objects becomes even harder.
One of the most challenging types of fold-fold singularity is the invisible one,
also known as T-singularity. In this case, if Z0 = (X0, Y0) ∈ Ωr has a T-singularity
at p0 (see Figure 4), then there are two involutions Σ ⊂ R2, φX0 , φY0 : (Σ, p0)→
(Σ, p0), which are induced by the orbits of X0 and Y0 near p0. It means that the
points p ∈ Σ and φX0(p) ∈ Σ (resp. φY0(p)) are connected by a segment of orbit
of X0 (resp. Y0) which is contained in M
+ (resp. M−). These involutions give
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Σ
Σss
Σus
Σ
(a) (b)
(c) (d)
Figure 3. Planar Σ-polycycles passing through a visible-visible
fold-fold singularity (a) and a visible-invisible fold-fold singularity
(b), and tridimensional fold-fold chains passing through a visible-
visible fold-fold singularity (c) and a visible-invisible fold-fold sin-
gularity (d).
rise to a Cr germ of first return map φ0 : (Σ, p0)→ (Σ, p0) given by φ0 = φX0 ◦φY0 .
See [31] for more details.
For simplicity, we say that p0 is a stable T-singularity of Z0 if, and only if,
p0 is a T-singularity for which φ0 has a hyperbolic fixed point of saddle type at
p0 with both local invariant manifolds W
u,s
φ0
(p0) of φ0 at p0 contained in Σ
c. In
[31], it is proved that Z0 ∈ Ωr is locally structurally stable at a T-singularity p0
if, and only if, p0 is a stable T-singularity of Z0.
Also, if Z0 has a stable T-singularity at p0, then there exists a (local) invariant
cone N (p0) with vertex at p0 which is filled up with crossing orbits of Z0. In
addition, N (p0) is piecewise smooth and N (p0)∩Σ = W uφ0(p0)∪W sφ0(p0). Denote
the stable and unstable branches of N (p0) by W scross and W ucross, respectively. The
existence of such cone N (p0) has been proved in [31], and it is also referred as
the nonsmooth diabolo associated to Z0 at p0 (see [5]). See Figure 4.
In light of this discussion, we have seen that a Filippov system has local crossing
invariant manifolds (stable and unstable) at a stable T-singularity. Therefore, a
natural question arises in such scenario: what kind of dynamics is originated from
the global extension of these local invariant manifolds?
Definition 6. Consider Z0 ∈ Ωr. We say that γ ⊂ M is a T-chain of Z0 if γ
is a fold-fold chain of order 1 of Z0 having a unique stable T-singularity of Z0.
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p0
Σus
Σss
Σ
Wuφ0(p0)
W sφ0(p0)
Wucross W
s
cross
Figure 4. Nonsmooth diabolo N (p0) at a stable T -singularity p0
of Z0.
In this work, we study the dynamics of Filippov systems around T-chains
through a semi-local analysis at this global connection. We highlight that T-
chains are the simplest fold-fold chains having stable T-singularities and we re-
strict our study to this case because, even in this situation, a Filippov system
displays a very complicated dynamics in the presence of such an object.
3.2. Robustness Conditions. Let Z0 = (X0, Y0) ∈ Ωr having a stable T-
singularity at p0. For ? = u, s, let τ
? be a section such that τ ? ∩ W ?cross = C?
is a piecewise smooth closed curve homotopic to a circle which is nonsmooth only
at (the two) points belonging to C? ∩Σ. Assume that τ ? is transverse to the flow
of Z0 at the points of C? and that τ ?, W ?cross and Σ are in general position (see
Figure 5). Also, consider that τ ? is contained in a neighborhood V3D of p0 in M ,
for which the local first return map φ0 : V → Σ associated to Z0 at p0 is defined
in V = V3D ∩ Σ.
Remark 6. By saying that τ ? is transverse to the flow of Z0 at points of C?, we
mean that X0 (resp. Y0) is transverse to τ
? at each point q ∈ W ?cross ∩M+ (resp.
q ∈ W ?cross ∩M−).
Assume that Z0 satisfies the following (TC) conditions :
(TC1) Z0 has a stable T-singularity at p0 ∈ Σ;
(TC2) There exists a germ of diffeomorphism D : τu → τ s at Cu, induced by
orbits of X0 and Y0 such that, for each q ∈ Dom(D) (domain of D), q
and D(q) are connected by a crossing orbit of Z0 and D(Cu) = Ĉu is a
topological circle contained in τ s;
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p0
Wucross
W scross
Cs Cu
τs τu
Σ
Figure 5. Sections τu and τ s.
(TC3) There exists a Z0-invariant topological cylinder R (2-dimensional) con-
necting Cu and Ĉu, which is filled up with crossing orbits of Z0. Assume
that R∩Σ is given by two compact distinct curves Ru, Rs which contains
the points W uφ0(p0) ∩ τu and W sφ0(p0) ∩ τu, respectively. Also, consider
that each crossing orbit contained in R does not intersect Σ in R? con-
secutively, for ? = u, s.
The above set of hypotheses (TC) allows us to extend the crossing invariant
manifold W ucross(p0) of Z0 through a cylinder R in such a way that it intersects
the section τ s at a topological circle Ĉu (see Figure 7). Next lemma show that
such conditions allow us to extend the local first return map φ0 of Z0 at p0 into
a first return map Φ0 in Σ around {p0} ∪ Ru ∩ Rs, in such way that the local
invariant manifolds W uφ0 and W
s
φ0
are extended byRu andRs into global invariant
manifolds W uΦ0 and W
s
Φ0
of Φ0. See Figure 6.
Lemma 1 (Extension). Let Z0 = (X0, Y0) ∈ Ωr satisfying (TC) conditions and
let φ0 = φX0 ◦φY0 : V → Σ be its local first return map at the stable T -singularity
p0. There exists a small connected neighborhood W of {p0} ∪Ru ∪Rs in Σ such
that
i) V ⊂ W and W \ V ⊂ Σc;
ii) There exists an involution ΦY0 : W → W induced by orbits of Y0, i.e., for
each p ∈ W , p and ΦY0(p) are connected through an orbit of Y0 contained in
M−;
iii) There exists an involution ΦX0 : W → Σ induced by orbits of X0;
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p0
p0
p0
p0
W sφ0
W sΦ0
Wuφ0
WuΦ0
φX0
ΦX0
ΦY0
φY0
Σ
Σ Σ
ΣV
V
W
W
Global extension of
invariant cones
First Return Map
φ0 = φY0 ◦ φX0
First Return Map
Φ0 = ΦY0 ◦ ΦX0
Global extension of
first return map
Figure 6. Extension of the local first return map φ0 : V → Σ into
the global first return map Φ0 : W → Σ.
iv) Φ0 = ΦX0 ◦ ΦY0 is a reversible mapping which is an extension of φ0. In
addition, Φ0 has a unique hyperbolic fixed point at p0 which is of saddle type.
Furthermore, for ? = u, s, the global invariant manifold W ?Φ0 of Φ0 at p0 is an
extension of W ?φ0(p0) and contains the curve R?.
The proof of Lemma 1 is done in Appendix A.
Notice that T -chains of Z0 at p0 are well characterized as intersections between
the topological circles Ĉu and Cs.
Proposition 1. Let Z0 ∈ Ωr satisfying (TC) conditions. The following state-
ments hold.
i) If Ĉu ∩ Cs = ∅, then Z0 has no T -chains at p0;
ii) If Ĉu = Cs, then Z0 has an invariant (piecewise smooth) pinched torus at p0
foliated by T -chains at p0;
iii) If Ĉu ∩ Cs = q1, · · · , qK ⊂ M+ ∪M− and Ĉu t Cs at qi, i ∈ 1, · · · , K, then
Z0 has K distinct T -chains at p0 and K = 2k, for some k ∈ N.
The proof of Proposition 1 is straightforward and it will be omitted.
Remark 7. Notice that the topological circles Cs and Ĉu are smooth at the points
qi, 1 ≤ i ≤ 2k, since qi /∈ Σ. Therefore, the notion of transversality is well-defined
in condition (iii) of Proposition 1.
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We notice that if item (ii) of Proposition 1 is satisfied then the (reversible)
first return map Φ0 obtained in Lemma 1 has a homoclinic connection at p0.
Clearly, such a situation is not robust, since a small perturbation breaks the
condition Ĉu = Cs. It is worth mentioning that results on bifurcation of reversible
maps around homoclinic orbits can be used to understand what happens with
these manifolds under small perturbations, nevertheless, this situation is highly
degenerated and thus, it can give rise to very complicated phenomena. In [9], the
authors have studied bifurcations of homoclinic orbits of some planar reversible
maps.
In order to avoid further degeneracies, we consider the following robustness
condition on Z0:
(R) Cs ∩ Ĉu = {q1, · · · , q2k}, for some k ∈ N, where qi /∈ Σ and Cs t Ĉu at qi,
i ∈ 1, · · · , 2k.
Without loss of generality, we consider that k = 1 throughout this work. Also,
we highlight that the condition qi /∈ Σ in (R) and item (iii) of Proposition 1 is
only technical and can be dropped by extending the notion of transversality of
Cs and Ĉu at points of Σ.
Therefore, if Z0 satisfies (TC) and (R) conditions, then Z0 has two distinct
T -chains γ1 and γ2 at p0. We notice that, in this case, each T -chain is a crossing
homoclinic orbit of Z0, since it reaches p0 only at infinite time (see Figure 7).
In addition, (TC) and (R) conditions are persistent under small perturbations of
Z0, thus we have that such T -chains of Z0 are robust in Ω
r (i.e. they can not be
destroyed for Z near Z0).
τs τu
p0
q1
q2 W
s
cross W
u
cross
Cs
CuĈu
γ1
γ2
Σ
Figure 7. A Filippov system Z0 satisfying (TC) and (R) condi-
tions having two T-chains γ1 and γ2 passing through q1 and q2,
respectively.
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3.3. Main Result. Let Z0 ∈ Ωr satisfying (TC) and (R) conditions. From
Lemma 1, we have that Z0 is associated to a first return map Φ0 = ΦX0 ◦ ΦY0
induced by orbits of X0 and Y0. Recall that ΦX0 and ΦY0 describes the foliation
generated by X0 and Y0 in M+ and M−, respectively, in the sense that x and
φX0(x) (resp. φY0(x)) are connected by an orbit of X0 (resp. Y0) contained in
M+ (resp. M−), for every x ∈ W . It follows that the foliation generated by all
orbits of Z0 is well described by Φ0.
Hence, the behavior of the foliation generated by Z0 around the T -chains γ1
and γ2 at p0, can be determined by the dynamics of the first return map Φ0.
Notice that the map Φ0 does not care about how two pieces of orbits of X0 and
Y0 are concatenated. In fact, the oriented itinerary of a point p ∈ Σ through Φ0
(i.e. the points Φk0(p), k ∈ N) can be related to a piecewise smooth curve having
pieces of orbits of X0 and Y0 which are concatenated in opposite directions. In
light of this, we introduce the following definition.
Definition 7. We say that a piecewise smooth curve γ is a pseudo-orbit of
Z0 = (X0, Y0) if it satisfies the following conditions
i) γ ∩M+ is tangent to X0;
ii) γ ∩M− is tangent to Y0;
iii) There exists at least a point p ∈ γ ∩ Σ such that X0f(p)Y0f(p) < 0.
Hence, the orbits of Φ0 are associated to crossing orbits and pseudo-orbits of
Z0, and vice-versa. Also, notice that if (Φ
n
0 (x))n∈N corresponds to a crossing orbit
of Z0, then the evolution of x through Φ0 might not coincide with the evolution
in time of the corresponding orbit of Z0.
Finally, we state the main result of this paper.
Theorem A. Let Z0 ∈ Ωr satisfying (TC) and (R) conditions and let γ1 and γ2
be the two distinct T -chains of Z0 at p0 (provided by these conditions). Let U be
an arbitrarily small neighborhood of the stable T-singularity p0 in Σ. Then:
(1) There exists n ∈ N such that Φn0 admits a Smale horseshoe ∆ in U .
(2) The hyperbolic invariant set Λ in the horseshoe ∆ always contains a point
q̂i ∈ γi ∩ Σ, for i = 1, 2.
(3) Every orbit of Z0 passing though a point of Λ is a crossing orbit.
The proof of Theorem A is done in Section 4.
Remark 8. In [16], one finds a detailed description of Smale horseshoes for a
diffeomorphism and some basic properties. Also, in [33], the author provides an
elucidative construction of Smale horseshoes.
Theorem A shows us that, if Z0 satisfies (TC) and (R) conditions, then the
dynamics given by the crossing orbits is chaotic (see [33] for more details) and
thus Z0 has positive entropy. A direct consequence of Theorem A is stated below.
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Theorem B. Let Z0 ∈ Ωr satisfying (TC) and (R) conditions and let Λ be the
hyperbolic set given by Theorem A. The following statements hold.
(1) There exists an infinity of closed crossing orbits Γ of Z0, which are of
saddle type (i.e. the first return map of Z0 associated to Γ has a hyperbolic
fixed point of saddle type);
(2) There exists an infinity of non-closed crossing orbits Γ of Z0;
(3) There exists a crossing orbit Γd of Z0 such that Γd ∩ Λ is dense in Λ.
The proof of Theorem B follows directly from Theorem A and Theorem 2.1.4
of [33].
4. Proof of Theorem A
First we discuss about the local structure of the stable T -singularity p0. To fix
thoughts and without loss of generality, we consider the following assumptions
below.
• The switching manifold is given by Σ = {(x, y, z); z = 0} (Σ = {z = 0}
for short) and p0 = (0, 0, 0).
• The sections τu and τ s are contained in the planes {y = ε} and {y = −ε},
for some ε > 0 sufficiently small.
• SX0 ∩ V and SY0 ∩ V are contained in the lines x = K1y and x = K2y,
respectively, for some coefficients K1 < 0 and K2 > 0.
• The orbits of Y0 in V3D go from {x < K2y} to {x > K2y} and the orbits
of X0 in V3D goes from {x > K1y} to {x < K1y}.
Recall that the origin is a stable T -singularity of Z0 and a hyperbolic fixed
point of saddle type of φ0. Call W
u,s
φ0
(0, 0) the local invariant manifolds of φ0 at
(0, 0). Without loss of generality, we assume that these invariant manifolds are
contained in the union of lines {x = K3y} ∪ {x = K4y}, where K3 < K1 and
K4 > K2.
Remark 9. From Lemma 1, we have that the local first return map φ0 is glob-
ally extended to a first return map Φ0 defined in an open set of Σ and the local
invariant manifolds W u,sφ0 (0, 0) are extended to global invariant manifolds W
u,s
Φ0
of
Φ0. In light of this, we study the local invariant manifolds W
u,s
φ0
(0, 0) having in
mind that they exist globally.
It follows from the orientation of the orbits of X0 and Y0 and the position of
τu,s that
W sφ0(0, 0) ⊂ {x = K4y} and W uφ0(0, 0) ⊂ {x = K3y}.
Figure 8 illustrates the situation considered above.
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Such assumptions imply that, if p ∈ {x < K3y} ∩ {x < K4y}, then the orbit
(φn0 (p))n∈N of the local first return map φ0 : V → Σ represents a crossing or-
bit of Z0 and its evolution through time coincides with the order generated by
(φn0 (p))n∈N.
y
x
W sφ0W
u
φ0
SX0
SY0
−ε ε
τs τu
Rs
Ru
Σss Σus
Σ
Figure 8. Switching manifold of Z0: Position of the invariant
manifolds and tangency sets.
Remark 10. Notice that, if x > 0, then the orientation of the crossing orbits
through a point p of W u,sφ0 (0, 0) is reverse with respect to the order given by the
orbit (φn0 (p))n∈N of φ0 through p.
Using the Extension Lemma 1, we obtain the first return map Φ0 : W → Σ
induced by orbits of X0 and Y0, which extends φ0 : V → Σ.
From (TC) condition, we have that X0 (resp. Y0) is transverse to τ
s at points
of (Cs ∪ Ĉu)∩M+ (resp. (Cs ∪ Ĉu)∩M−). Also, pi2(X0(p)), pi2(Y0(p)) > 0 in such
points.
Remark 11. Notice that SX0 and SY0 must intersect τ
s at points lying in the
interior of the bounded regions of {y = −ε} delimited by the circles Cs and Ĉu.
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Recall that near a T-singularity, for any point p of M+ (resp. M−), there exists
a unique orbit of X0 (resp. Y0) contained in M
+ (resp. M−) passing through p
which connects two points of Σ. Now, since (Cs ∪ Ĉu) ∩M+ is a compact set,
and pi2(X0(p)) > 0 for every p ∈ (Cs ∪ Ĉu) ∩M+, it follows from the Implicit
Function Theorem that there exist an open neighborhood N+ of (Cs ∪ Ĉu)∩M+
in the plane {y = −ε} and a Cr diffeomorphism ϕ+ : N+ ∩M+ → Σ such that,
for each x ∈ N+ ∩M+, x and ϕ+(x) are connected by a unique piece of orbit
of X0 contained in M
+ which is oriented from x to ϕ+(x). Analogously, we
obtain a Cr diffeomorphism ϕ− : N− ∩M− → Σ defined in a neighborhood N−
of (Cs ∪ Ĉu) ∩M− in the plane {y = −ε}, such that, for every x ∈ N− ∩M−,
there exists a unique piece of orbit of Y0 contained in M
− connecting x and ϕ−(x)
oriented from x to ϕ−(x). See Figure 9.
x
x
ϕ+(x)
ϕ+
ϕ−(x)
ϕ−
τs
Σ
Figure 9. Sections τu and τ s.
Let N = (N+ ∩M+) ∪ (N− ∩M−) and ϕ : N → Σ be the Cr diffeomorphism
defined by
ϕ(p) =
{
ϕ+(p), if p ∈ N+ ∩M+,
ϕ−(p), if p ∈ N− ∩M−.
Now, for ? = u, s, let p?loc be the unique point of Cs contained in the local
invariant manifold W ?φ0(p0). Recall that, there exists a crossing orbit of Z0 from
psloc to Φ0(p
s
loc) ∈ W sφ0(p0) and pi2(Φ0(psloc)) > −ε. Also we have that −ε <
pi2(ΦX0(p
u
loc)) < pi2(Φ0(p
s
loc)). See Figure 10.
From the definition of Φ0, it follows that:
• if p ∈ Cs ∩M+, then ϕ(p) ∈ W sφ0(p0);
• if p ∈ Cs ∩M−, then ϕ(p) ∈ W uφ0(p0).
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p0
psloc
puloc
Cs
τs
x
y
Σ
y = −ε
y = 0
ΦX0 (p
u
loc)
Φ0(psloc)
Figure 10. Evolution of the flow of Z0 through the points p
u
loc and p
s
loc.
Recall that, for each p ∈ W uφ0(0, 0) ∩ {x < 0}, (φn0 (p))n∈N represents a crossing
orbit of Z0 which is oriented in the order given by the iterations of p through φ0.
Since Ru extends W uφ0(0, 0) ∩ {x < 0}, the same property holds for p ∈ Ru.
For ? = u, s, let p?R be the unique point of Ĉu contained in the curve R?. There
exists a crossing orbit of Z0 from Φ
−1
0 (p
u
R) ∈ Ru to puR, and pi2(Φ−10 (puR)) < −ε.
Also we have that pi2(Φ
−1
0 (p
u
R)) < pi2(ΦY0(p
s
R)) < −ε. See Figure 11. Therefore,
• if p ∈ Ĉu ∩M+, then ϕ(p) = Φ0(p˜), for some p˜ ∈ W uΦ0 ;
• if p ∈ Ĉu ∩M−, then ϕ(p) = Φ−10 (p˜), for some p˜ ∈ W sΦ0 .
p0
W sφ0
Wuφ0
psR
puR
Ĉu
τs
Rs
Ru
Σ
ΦY0 (p
s
R)
Φ−10 (p
u
R)
Figure 11. Evolution of the flow of Z0 through the points p
u
R and p
s
R.
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Finally, from (R) condition, we have that Cs ∩ Ĉu = {q1, q2}, where qi /∈ Σ and
Cs t Ĉu at qi, i = 1, 2. Without loss of generality, assume that q1 ∈ M+. Since
ϕ is a diffeomorphism, ϕ(Ĉu ∩M+) ⊂ W uΦ0 and ϕ(Cs ∩M+) ⊂ W sΦ0 , it follows
that the invariant manifolds W sΦ0 and W
u
Φ0
intersect transversally at the point
q̂1 = ϕ(q1). Analogously, we have that W
s
Φ0
and W uΦ0 intersect transversally at
the point q̂2 = ϕ(q2). Also, (Φ
n
0 (q̂1))n∈N and (Φ
n
0 (q̂2))n∈N define two distinct orbits
of Φ0.
Therefore, the existence of the Smale horseshoe for Φ0 follows straightly from
Theorem 6.5.5 from [16], which is stated below.
Theorem 1 (Theorem 6.5.5 of [16]). Let M be a smooth manifold, U ⊂M open,
f : U → M an embedding, and p ∈ U a hyperbolic fixed point with a transverse
homoclinic point q. Then in an arbitrarily small neighborhood of p there exists a
horseshoe for some iterate of f . Furthermore the hyperbolic invariant set in this
horseshoe contains an iterate of q.
This proves statements (1) and (2) of Theorem A. Now, we will prove state-
ment (3) of Theorem A. In order to do this, we will show that the hyperbolic
invariant set Λ of the horseshoe ∆ is contained in Σc, and as a consequence of
the construction, each orbit of Z0 which intersects Λ is a crossing orbit.
We use topological arguments intrinsic to the structure of the problem to con-
struct a horseshoe ∆ with the points q̂1 and q̂2, such as the set Λ associated to
∆. Consider the following steps:
Step 1: First we use (TC) and (R) conditions to deduce the pattern associated
to the horseshoe ∆.
Without loss of generality, assume that the points p?R and p
?
loc, ? = u, s given
by Ĉu∩Σ and Cs∩Σ, respectively, satisfy the following order in the line τ s∩Σ =
{z = 0, y = −ε}:
psR > p
u
loc > 0 > p
u
R > p
s
loc.
Also, assume that q1 ∈M+ and q2 ∈M−. Hence we have the following situation
illustrated in Figure 12.
In this case, we have that q̂1 ∈ W sφ0(0, 0) and q̂2 ∈ W uφ0(0, 0). In order to
clarify the notation, we distinguish W ?Φ0 between W
?,+
Φ0
and W ?,−Φ0 in such a way
that W ?,±Φ0 corresponds to the branch of W
?
Φ0
which contains (the local invariant
manifold) W ?φ0(0, 0) ∩ {±x > 0}. See Figure 13.
As we have seen before, using ϕ and ΦX0 , we can see that the circle Cs can
be brought to a fundamental domain F s of Φ0 for the invariant manifold W
s,−
Φ0
.
Analogously, we have that the circle Ĉu is a fundamental domain F u of Φ0 for
W u,−Φ0 . See Figures 10 and 11.
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Ĉu Csq1
q2
psR p
u
Rp
u
loc p
s
loc
x
z τs
Σ
Figure 12. Configuration of the circles Cs and Ĉu in the section τ s.
y
x
W s,+Φ0W
u,+
Φ0
W s,−Φ0 W
u,−
Φ0
Σ
Figure 13. Invariant manifolds W ?,±Φ0 , ? = u, s in Σ.
From (TC) and (R) conditions and the considerations above, we have that
these fundamental domains of W u,−Φ0 and W
s,−
Φ0
intersect only at the two points q̂1
and φX0(q̂2) and present the configuration illustrated in the Figure 14
Now, since the considered fundamental domains are contained in the neigh-
borhood V of the origin for which the local involutions associated with the T-
singularity are defined, then we can use the local behavior of the orbits of X0 and
Y0 near the origin to obtain the following pattern of the intersections between the
invariant manifolds W u,−Φ0 and W
s,−
Φ0
.
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F s
Fu
q̂1 ΦX0(q̂2)
Φ0(q̂1)
Wu,−Φ0
Wu,−Φ0
W s,−Φ0
x
y
Στs ∩ Σ
Figure 14. Fundamental domains F u and F s of W u,−Φ0 and W
s,−
Φ0
given by the projection of the circles Ĉu and Cs into Σ through
crossing orbits of Z0, respectively.
Pattern: W u,−Φ0 intersects the segment of W
s,−
Φ0
between q̂1 and Φ0(q̂1) only at
the point Φ0(q̂2). Furthermore, W
u,−
Φ0
t W s,−Φ0 at φX0(q̂2). See Figure 15.
W s,−Φ0
Wu,−Φ0
q̂1 Φ0(q̂1)ΦX0(q̂2)
Figure 15. Pattern of the intersections between the invariant
manifolds W u,−Φ0 and W
s,−
Φ0
.
Remark 12. The reversibility of the problem can be used to obtain similar prop-
erties for the invariant manifolds W u,+Φ0 and W
s,+
Φ0
. In fact, all the constructions
below can be done for these invariant manifolds, nevertheless it does not generate
new dynamic features for the system, and for this reason we consider only the
invariant manifolds W u,−Φ0 and W
s,−
Φ0
.
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Step 2: Consider the orbits connecting (0, 0) to puloc, p
s
loc, p
u
R, p
s
R, and the seg-
ments of the section τ s connecting puR to p
s
loc and p
s
R to p
u
loc, and notice that they
split the neighborhood W into four regions Ri, i = 1, · · · , 4, as it is illustrated in
Figure 16.
y
x
τs
W
psR
puloc
puR
psloc
R1
R3
R2R4
Figure 16. Regions Ri, i = 1, 2, 3, 4, of the neighborhood W .
Now, we consider a square Q such that:
i) Q ⊂ R3
ii) There exists a side of Q, say it L, which is contained in W s,−Φ0 ;
iii) ∂L = {l1, l2}, where l1 is a point of W s,−Φ0 between psloc and q̂1, and l2 is a
point of W s,−Φ0 between φX0(q̂2) and Φ0(q̂1);
iv) There exists a segment A1 of W
u,−
Φ0
connecting q̂1 and a point of the interior
of the opposite side of L which is contained in the interior of Q.
v) There exists a segment A2 of W
u,−
Φ0
connecting φX0(q̂2) and a point of the
interior of the opposite side of L which is contained in the interior of Q.
vi) A1 and A2 are transverse to ∂Q.
vii) Q ⊂ Σc.
In this case, we have the situation illustrated in Figure 17.
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y
x
W s,−Φ0
Wu,−Φ0
l1
l2
Lp
u
R
psloc
q̂1
φX0(q̂2)
Φ0(q̂1)
A1
A2
Q
R3
Figure 17. Square Q in the region R3.
Notice that the segments A1 and A2 splits Q into three strips. Denote the strip
containing the segment between l1 and q̂1, q̂1 and φX0(q̂2), φX0(q̂2) and l2 by QL,
QC and QR, respectively. See Figure 18.
W s,−Φ0 l1 l2Lq̂1 φX0(q̂2)
A1 A2
Q
QL QC QR
Figure 18. Strips QR, QC and QL in the square Q.
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Now, we analyze the positive iterates of Q by Φ0. First, notice that, since
Q is contained in the region R3, it follows from the local behavior around a T -
singularity that φnX0(Q)∩V ⊂ Σc and Φn0 (Q)∩V ⊂ Σc, for every n ∈ N, it means
that the orbit of Z0 connecting a point of Q and some point of (φ
n
X0
(Q)∪Φn0 (Q))∩
V , for some n ∈ N, is a crossing orbit of Z0.
Take W s,−Φ0 as the horizontal direction and W
u,−
Φ0
as the vertical direction. Since
L is contained in W s,−Φ0 , it follows from the λ-lemma that, when we apply Φ0, Q
is contracted in the horizontal direction and expanded in the vertical direction.
See Figure 19.
0
W s,−Φ0
Wu,−Φ0
QL QC QR QLQCQR
Q
Φ0(Q)
Φ20(Q)
Figure 19. Positive iterates of Q by Φ0.
Now, we analyze the negative iterates of Q by Φ0.
Notice that W s,−Φ0 can not cross τ
s in a point different from psloc, because τ
s is
a transversal section. Hence, since the intersections between W s,−Φ0 and W
u,−
Φ0
are
transversal, it follows that, all the points of W s,−Φ0 between q̂1 and Φ
−1
0 (φX0(q̂2)) are
contained in the region R3 and all the points between Φ
−1
0 (φX0(q̂2)) and Φ
−1
0 (q̂1)
are outside R3. Inductively, we show that the points of W
s,−
Φ0
between Φ−n0 (q̂1)
and Φ
−(n+1)
0 (φX0(q̂2)) are contained in the region R3 and all the points between
Φ−n0 (φX0(q̂2)) and Φ
−n
0 (q̂1) are outside R3. From this reasoning, it follows that Q
is bended into a horseshoe by Φ−10 in such a way that the strips QL and QR are
contained in R3 and QC goes outside R3. See Figure 20.
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puR
psloc
q̂1 0φX0 (q̂2)
Q
R3
Φ−10 (Q)
Φ−10 (φX0 (q̂2))
Φ−10 (q̂1)
W s,−Φ0
Wu,−Φ0
QR QC QL
Figure 20. Representation of Φ−10 (Q).
The same reasoning holds for all the negative iterations of Q by Φ0. Therefore,
Φ−n0 (Q) is composed by two strips QR and QL contained in R3 and a strip QC
outside Q3.
If we take W u,−Φ0 as the horizontal direction and W
s,−
Φ0
as the vertical direction,
using the λ-lemma, we obtain that, when we apply Φ−10 the strips QR and QL are
contained in R3 and they are contracted in the horizontal direction and expanded
in the vertical direction. See Figure 21.
Notice that, the strips QR and QL are outside the cylinder R, and thus it
follows from the dynamics induced in the cylinder and the local dynamics of the
T -singularity that, φ−nX0 (Q?)∩V ⊂ Σc and Φ−n0 (Q?)∩V ⊂ Σc, ? = L,R, for every
n ∈ N. Therefore, it follows that any orbit of Z0 connecting a point of QL ∪QR
and φ−nX0 (QL ∪QR), n ∈ N, is a crossing orbit of Z0.
On the other hand, given n ∈ N, an orbit of Z0 passing through a point of
Φ−n0 (QC) ∩ V ⊂ Σc reaches the sliding region at finite time.
Hence, there exists N0 ∈ N such that ∆ = ΦN00 : Q → R2 is a horseshoe map
acting on Q (see Figure 22). Finally, using the strips QR and QL, it follows that
the invariant cantor set Λ = ∪∞n=−∞∆n(QR ∪QL) ∩ V given by Theorem 6.5.5 of
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0
Wu,−Φ0
W s,−Φ0
QL
QC
QR
QL
QC
QR
Φ−10 (Q)
Φ−20 (Q)
Φ−30 (Q)
Figure 21. Positive iterates of Q by Φ0.
[16] is contained in Σc and every orbit of Z0 passing through Λ is a crossing orbit
of Z0. This concludes the proof of item (3) of Theorem A.
Remark 13. Notice that the square Q used in this construction can be considered
in any neighborhood U of the origin (which is a T-singularity) in a similar way.
Therefore, for any neighborhood U of the origin, we can construct a horseshoe
map ∆ acting on Q ⊂ U such that, the hyperbolic set Λ associated to ∆ satisfies
item (3) of Theorem A.
5. A Model Presenting a T -connection
In this section we construct a Filippov system having two robust fold-fold
connections. It is worth mentioning that such model can be used to produce
examples of T -chains satisfying (TC) and (R) conditions.
5.1. Filippov System Z1. Consider the Filippov system
(5) Z1(x, y, z) =
{
X1(x, y, z) = (1,−1, y), if z > 0,
Y1(x, y, z) = (−1, 2,−x), if z < 0.
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y
x
ΦN00 (Q)
Φ−N00 (Q)
R3
Figure 22. Action of the horseshoe map ∆ on the square Q.
Notice that (0, 0, 0) is a T -singularity and SX1 = {y = 0} and SY1 = {x = 0}
are fold lines which divide the switching manifold Σ = {z = 0} in four quadrants
(see Figure 23). In addition
• Σss = {(x, y, 0); x, y < 0};
• Σus = {(x, y, 0); x, y > 0};
• Σc = {(x, y, 0); xy < 0};
A straightforward computation shows that the flow of X1 and Y1 are given by
(6) ϕX1(t; (x, y, z)) =
 x+ ty − t
z − (y − t)
2
2
+
y2
2
 ,
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x
y
SX1
SY1
Σus
Σss
Figure 23. Switching manifold associated to Z1.
and
(7) ϕY1(t; (x, y, z)) =
 x− ty + 2t
z +
(x− t)2
2
− x
2
2
 ,
respectively. It allows us to see that
ϕX1(t; (x, y, 0)) ∈ Σ⇐⇒ t = 0 or t = 2y,
and
ϕY1(t; (x, y, 0)) ∈ Σ⇐⇒ t = 0 or t = 2x.
Thus, we can associate involutions φX1 , φY1 : Σ → Σ to the vector fields X1
and Y1 respectively, which are given by
(8) φX1(x, y) =
(
x+ 2y
−y
)
, and φY1(x, y) =
( −x
4x+ y
)
.
Now, we use the involutions to construct the first return map φ1 : Σ→ Σ given
by
(9) φ1(x, y) = φY1 ◦ φX1(x, y) =
( −x− 2y
4x+ 7y
)
.
Notice that φ1 is globally defined on Σ. The eigenvalues of φ1 are given by
(10) λ±1 = 3± 2
√
2,
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and their respective eigenvectors are
(11) v±1 = (−1±
√
2/2, 1).
Since φ1 is linear, the lines
D±1 = {α(−1±
√
2/2, 1); α ∈ R},
are global invariant manifolds of φ1. Furthermore,
φX1(D
−
1 ) = D
+
1 and φY1(D
+
1 ) = D
−
1 .
These facts ensure the existence of global crossing invariant manifolds in the
form of a nonsmooth diabolo N1 which intersects Σ in the lines D±1 . See Figure
24.
x
y
D−1
D+1
Σss
Σus
Figure 24. Illustration of N1 ∩ Σ.
5.2. Filippov System Z2. Consider the Filippov system
(12) Z2(x, y, z) =
{
X2(x, y, z) = (1,−1, y − 2), if z > 0,
Y2(x, y, z) = (−1, 3,−(x− 2)), if z < 0.
Notice that (2, 2, 0) is a T -singularity and SX2 = {y = 2} and SY2 = {x = 2}
are fold lines which divide the switching manifold Σ = {z = 0} in four quadrants
(see Figure 25). In addition
• Σus = {(x, y, 0); x, y > 2};
• Σss = {(x, y, 0); x, y < 2};
• Σc = {(x, y, 0); (x− 2)(y − 2) < 0};
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x
y
SX2
SY2
Σus
Σss
Figure 25. Switching manifold associated to Z2.
A straightforward computation shows that the flows of X2 and Y2 are given by
(13) ϕX2(t; (x, y, z)) =
 x+ ty − t
z − (y − t)
2
2
+
y2
2
− 2t
 ,
and
(14) ϕY2(t; (x, y, z)) =
 x− ty + 3t
z +
(x− t)2
2
− x
2
2
+ 2t
 ,
respectively. It allows us to see that
ϕX2(t; (x, y, 0)) ∈ Σ⇐⇒ t = 0 or t = 2(y − 2),
and
ϕY2(t; (x, y, 0)) ∈ Σ⇐⇒ t = 0 or t = 2(x− 2).
As before, we can associate involutions ϕX2 , ϕY2 : Σ → Σ associated to the
vector fields X2 and Y2, respectively, which are given by
(15) φX2(x, y) =
(
x+ 2(y − 2)
2− (y − 2)
)
, and φY2(x, y) =
(
2− (x− 2)
y + 6(x− 2)
)
.
Now, use the involutions to construct the first return map φ2 : Σ → Σ given
by
(16) φ2(x, y) = φY2 ◦ φX2(x, y) =
(
2
2
)
+
( −1 −2
6 11
)(
x− 2
y − 2
)
.
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The eigenvalues of φ2 at the fixed point (2, 2) are given by
(17) λ±2 = 5± 2
√
6,
and their respective eigenvectors are
(18) v±2 = (−1±
√
6/3, 1).
Since φ2 is linear, the lines
D±2 = {(2, 2) + α(−1±
√
6/3, 1); α ∈ R},
are global invariant manifolds of φ2. Furthermore,
φX2(D
−
2 ) = D
+
2 and φY2(D
+
2 ) = D
−
2 .
These facts ensure the existence of a nonsmooth diabolo N2 which intersects
Σ in D±2 . See Figure 26.
x
y
D+2
D−2 Σ
us
Σss
Figure 26. Illustration of N2 ∩ Σ.
5.3. A Filippov System with a Cross Shaped Switching Manifold. Con-
sider a new switching manifold Π = g−1(0), where
(19) g(x, y, z) = −(y + 17/10x− 5/2).
Let W u1 (0, 0, 0) be the unstable branch of the nonsmooth diabolo N1 of Z1 at
the origin. In this case, W u1 (0, 0, 0) ∩ {z > 0} is given by the parametrized set
(20)
Wu,+1 = {(α(−1+
√
2/2)α+ t, α− t,−(α− t)2/2+α2/2); 0 ≤ t ≤ 2α and α ≥ 0}.
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Similarly, denoting the stable branch of the nonsmooth diabolo N2 of Z2 at
(2, 2, 0) by W s2 (2, 2, 0), we obtain that W
s
2 (2, 2, 0) ∩ {z > 0} is given by
(21)
Ws,+2 = {(2+(−1−
√
2/3)α+t, 2+α−t, (2+α)2/2−(2+α−t)2/2−2t); 0 ≤ t ≤ 2α and α ≥ 0}.
A straight computation shows that
(22) Cu+ =Wu,+1 ∩Π = {γu+(α); 25/191(−14+17
√
2) ≤ α ≤ 25/191(14+17
√
2)},
where
(23)
γu+(α) = (−5/7(−5+
√
2α), 1/14(−50+17
√
2α), 1/196(−1250+850
√
2α−191α2)).
Also
(24) Cs− =Ws,+2 ∩Π = {γs+(α); 29/431(−21+17
√
6) ≤ α ≤ 29/431(21+17
√
6)},
where
(25)
γs+(α) = (5/21(−9+2
√
6α), 1/21(129−17
√
6α), 1/294(−2523+986
√
6α−431α2)).
In addition
(26)
Cu+∩Cs− = p∗+ =
(
−5/49(−67 + 8
√
51), 1/49(−447 + 68
√
51), (−330577 + 48248
√
51)/4802
)
,
and Cu+ t Cs− at p∗+. See Figure 27.
Π
Cs+
Cu+p∗+
Figure 27. Sketch of Cu+ and Cs−.
Also, notice that the vector fields X1, X2, Y1 and Y2 are transverse to Π at every
point of Π. Thus, the piecewise smooth system
(27) Z0(x, y, z) =
{
Z1(x, y, z), if g(x, y, z) < 0,
Z2(x, y, z), if g(x, y, z) > 0.
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with a cross-shaped switching manifold has an isolated crossing orbit connecting
the T -singularities (0, 0, 0) and (2, 2, 0) of Z0 passing through p
∗
+ given in (26).
See Figure 28.
x
yΠ ∩ Σ
D−2
D+2
D+1
D−1
Π
Σ
Figure 28. (a) Switching manifold Σ associated to Z0. (b) Cross-
shaped switching manifold Σ ∪ Π.
Analogous conclusions can be shown for z < 0. In this case, Z0 has another
isolated crossing orbit connecting the T -singularities (0, 0, 0) and (2, 2, 0) of Z0
passing through a point p∗− ∈ Π contained in z < 0.
5.4. A Filippov system presenting fold-fold connections. Consider the C1-
regularization function
(28) ϕ(x) =
 −1, if x < −1,sin(pi/2x), if |x| ≤ 1,1, if x > 1.
Thus, regularizing the Filippov systems (X1, X2,Π) and (Y1, Y2,Π) with respect
to the switching manifold Π, we obtain
(29)
Xε(x, y, z) = X2(x, y, z) +X1(x, y, z)
2
+ ϕ
(
g(x, y, z)
ε
)
X2(x, y, z)−X1(x, y, z)
2
and
(30)
Yε(x, y, z) = Y2(x, y, z) + Y1(x, y, z)
2
+ ϕ
(
g(x, y, z)
ε
)
Y2(x, y, z)− Y1(x, y, z)
2
,
where X1, Y1 are given by (5), X2, Y2 are given by (12) and g is given by (19).
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Thus, for ε > 0, Zε = (Xε,Yε) is a Filippov system with switching manifold
Σ = {z = 0} and Zε ∈ Ω1.
Remark 14. If we consider a regularizing function ϕ which is of class Cr, then
Zε ∈ Ωr.
It follows that Zε has two (stable) T -singularities at p1 = (0, 0, 0) and p2 =
(2, 2, 0). Now, since the invariant manifolds W u1 (p1) and W
s
2 (p2) intersect Π
transversally in two topological circles Cu and Cs, we have that:
(1) The unstable crossing invariant manifold W uε (p1) of Zε at p1 intersects the
transversal section Π−ε = {g(x, y, z) = −ε} in a topological circle Cuε ;
(2) The stable crossing invariant manifold W sε (p2) of Zε at p2 intersects the
transversal section Πε = {g(x, y, z) = ε} in a topological circle Csε .
Consider a small annulus Duε around Cuε contained in the plane Π−ε. Now, Xε
and Yε are transverse to Π−ε, Πε and z = 0 and there are no singularities of
Zε in the cylindrical region delimited by Duε and the regularization zone Rε =
{(x, y, z); |g(x, y, z)| < ε}. It means that the flow of Zε is tubular inside this
region (it has only crossing orbits which goes from Duε to Πε.
Therefore, W uε (p1) extends itself in the regularization zone through crossing
orbits of Zε, and it intersects Πε in a topological circle Ĉuε .
Since Cu and Cs intersect transversally at the points p∗− and p∗+, it follows that,
for ε > 0 sufficiently small, Ĉuε and Csε intersect themselves transversally at two
points q1(ε) ∈ Σ− and q2(ε) ∈ Σ+.
It means that, there exists ε0 > 0 sufficiently small such that, for each ε ≤ ε0,
the one-parameter family Zε ∈ Ω1 has two robust fold-fold connections between
the T -singularities p1 and p2.
6. Further Directions
In this paper, we have presented a global phenomenon involving connections
at a T-singularity p of a system Z, which generates a chaotic behavior in the
crossing orbits of Z.
There are some models of Filippov systems which can present non-deterministic
chaos at a stable T- singularity mainly due to the behavior of the sliding vector
field at such point (see [6]). Therefore, one should investigate how the sliding
dynamics of a Filippov systems presenting a robust T-chain interacts with the
hyperbolic invariant set Λ associated to the Smale horseshoe of the first return
map Φ0 found in this paper. It is an arduous task which might bring new ways
towards the comprehension of chaos for Filippov systems.
The notion of chaos in general Filippov systems is still poorly understood taking
in account the richness of the dynamics generated by discontinuities. Most of
works exploring this subject (see [4, 8, 12, 23] for instance) relies on the use of
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classical approaches to characterize chaotic behavior, as it was partially done in
this paper. Nevertheless, a generalization of the concept of chaos is called for
in this approach. In our point of view, some hidden and unknown objects can
appear and a classical setting may not be sufficient to study them.
Based on these lines, we think that a general interesting problem is to provide a
chaotic notion for Filippov systems which takes into account all the non-standard
properties of these systems, such as sliding phenomena, non-uniqueness of solu-
tions and Σ-singularities.
Appendix A. Proof of Lemma 1
We prove only item (ii), since item (iii) is proved in an analogous way and
item (iv) is a direct consequence of items (ii) and (iii). Item (i) will follows from
the construction. Consider the notation introduced in Sections 3.1 and 3.2.
Since Y0 is transverse to τ
u and τ s at Cu ∩ M− and Ĉu ∩ M−, respectively,
it follows from (TC3) condition that, for each point p ∈ Ru, there exists either
q ∈ Rs or q ∈ V such that p and q are connected by a unique orbit of Y0 contained
in M−. Also, if q ∈ V , then such orbit intersects Cu or Ĉu. See Figure 29.
V
WR
Wuφ0
W sφ0
p0
τs τu
Ru
Rs
τu
Cu
Σ
Σ
Figure 29. Neighborhood W for which the extended first return
map Φ0 is defined and behavior of the orbits of X0 at points of Ru.
Therefore, for each p ∈ Ru, we use the Implicit Function Theorem to define a
Cr map ΦY0p : Wp → Σ induced by the orbits of Y0 in such a way that, x ∈ Wp
and ΦY0p (x) are connected by a unique orbit of Y0 contained in M
−. An analogous
argument shows that the same holds for points of Rs.
Clearly, given p1, p2 ∈ Rs ∪Rs, if x ∈ Wp1 ∩Wp2 , then ΦY0p1 (x) = ΦY0p2 (x).
From compactness of Ru ∪ Rs, there exist a small neighborhood WR ⊂ Σc
of Ru ∪ Rs and a Cr map ΦY0 : V ∪ WR → V ∪ WR induced by orbits of Y0.
From construction, we have that ΦY0 is an involution and ΦY0 |V = φY0 . Take
W = V ∪WR.
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Clearly, the local invariant manifolds W u,sφ0 are extended through Ru,s to in-
variant manifolds of Φ0, respectively.
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